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A Note on Models of Finite Geometries Arising from 
Difference Sets 
JOHN KONVALINA 
Under a suitable incidence relation a set of algebraic structures, namely totally symmetric 
quasigroups arising from abelian group difference sets (A = 1), is shown to form a model of finite 
projective planes. 
1. INTRODUCTION 
In a previous work [6] we showed that from each line of the finite projective plane 11" 
arising from an abelian group difference set (A = 1) one can construct an algebraic 
structure, namely a totally symmetric quasigroup. Thus, if the finite geometry 11" contains 
v lines in number, then a set of v totally symmetric quasigroups is constructed. A surprising 
result was that this set of v quasigroups can be partitioned into three different sets of 
totally symmetric quasigroups of three different orders. The purpose of this note is to 
determine the relationship between these v algebraic structures arising from the finite 
geometry 11". 
In this paper we demonstrate a natural connection between the v algebraic structures 
arising from an abelian group difference set (A = 1) and the corresponding finite geometry 
11". More precisely, we show that if we consider the v totally symmetric quasigroups as 
'lines', and the functions defining the quasigroups as 'points', then under a suitable 
incidence relation the set of quasigroups forms a model of a finite projective plane. In 
addition this model is shown to be naturally isomorphic to the original finite projective 
plane 11". 
2. PRELIMINARIES 
A set D = {do, d .. ... , dn} of n + 1 elements from a finite abelian group (G, + > of order 
v with identity 0 (zero) is called an abelian group difference set (A= 1) iffor every non-zero 
element g of G there exist a unique pair of elements in D, say d; and dj , such that 
g=dj-dj • If g is a member of G, then D+g={do+g,d1+g, ... ,dn+g} denotes a 
difference set called a translate of D. Further information of difference sets can be found 
in Baumert [1], Hall [3], Mann [7], Ryser [8], and Storer [9]. 
It is well known (see e.g. Baumert [1], Hall [3], Ryser [8]) that an abelian group 
difference set (A = 1) D and its translates satisfy the axioms of a finite projective plane. 
That is, 11" = (P, L, e) is a model of a finite projective plane, where P = G, L = {D + g: g 
is in G} and the incidence relation g E D + h holds if and only if g - h is in D for g and 
h in G. Further results on finite geometries can be found in Dembowski [2], Hall [3]. 
A totally symmetric quasigroup (Q, *) is a set q with a commutative binary operation 
a, b ~ a * b such that the 'translations' b ~ a * b are involutions. 
3. CONSTRUCTION OF MODEL 
Let D be an abelian group difference set (A = 1) of cardinality n + 1 and G the abelian 
group of order v, where v = n (n + 1) + 1. Let 11"n denote the finite projective plane arising 
from D and its translates. Let - D denote the difference set consisting of the additive 
inverses of the set D. 
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We define the following important binary operation ( + ) on the abelian group G: If 
g, h are in G and g + h ~ 0, then 
where g + h = dj - dm for unique dj and dm in D. 
The points of the finite geometry are defined by the following set of v functions ug on 
D: If g in in G, then 
U (d)={d;+g, ifgisnotin-D 
g I _ g if g is in - D 
Observe the U~ is a permutation of D when g is not in - D, and a constant function 
otherwise. Also, there are n + 1 constants and n 2 permutations of D that define the points. 
It is easily verified that the points are distinct. 
The lines of the finite geometry are defined as the following set of algebraic structures 
on D: If h is in G and dj , dj are in D, then 
d; EEl dj = d j + (dj + h) 
Let (D, EEl h) denote the algebraic structure on D that depends on h. From [6] we know 
(D, EB h) is a totally symmetric quasigroup of order either n + 1, n, or n -1, depending 
on the translate D + h. Also, the quasigroups are distinct. Thus, there are v lines in the 
geomtry. 
The finite geometry is constructed as follows: 
points: P' = {ug : g is in G} 
lines: L' = {(D, EB h): h is in G} 
incidence relation (E'): uge'(D, EE h), if u g is a translation of (D, EB h)' 
Let 'Yn = (P', L', e') denote the constructed triple. 
THEOREM. Let g and h be in G. The quasigroup (D, EEl h) depends only on the translate 
D + h, and uge' (D, EEl h) iff geD + h. Therefore, 'Yn is a finite projective plane isomorphic to 
PROOF. If ugE'(D, EB h) then ug is a translation of (D, EB h), implying ug = Ud+h for 
some d in D. Thus, g = d + hand g - h is in D, or g is in the translate D + h. The converse 
follows similarly. 
If g is a point of 7Tn and D+ h a line then we have a natural isomorphism: 
D + h -'? (D, EB h ) 
Then g is in the translate D+h if and only if ugE'(D, EB h ). 
4. REMARKS 
The construction holds for the special case where G = Z", the integers modulo v. In 
this case one obtains cyclic projective planes. If we consider the totally symmetric 
quasigroups arising from the cyclic difference sets of small orders (see examples in [5] 
and [6]) we find that some of the quasi groups are essentially isomorphic to the additive 
group of a finite field . A proof that this holds for all orders would solve the classical 
cyclic projective plane problem (see Hall [4]). Thus, further research into the underlying 
algebraic and geo~etric structure of this set of totally symmetric quasigroups is in order. 
Models of finite geometries 191 
REFERENCES 
I. L. D. Baumert, Cyclic Difference Sets, Lecture Notes in Math. , No. 182, Springer-Verlag, Berlin, 1971. 
2. P. Dembowski, Finite Geometries, Springer-Verlag, Berlin, 1968. 
3. M. Hall, Combinatorial Theory, Blaisdell, Waltham, MA, 1967. 
4. M. Hall, Cyclic projective planes, Duke Math. 1., 14 (1947), 1079-1090. 
5. J. Konvalina, On the converse of Singer's theorem, J. Combin. Theory, 23 (1977), 68-77. 
6. J. Konvalina, Abelian group difference sets andtotally symmetric quasigroups, J. Algebra (to appear). 
7. H. B. Mann, Addition Theorems, Interscience, New York, 1965. 
8. H. J. Ryser, Combinatorial Mathematics (Carus Monograph 14), John Wiley, New York, 1963. 
9. T. F. Storer, Cyclotomy and Difference Sets, Markham, Chicago, 1967. 
Received 14 September 1981 and in revised form 21 February 1984 
J. KONVALINA 
Department of Mathematics and Computer Science, 
University of Nebraska at Omaha, 
Omaha, Nebraska 68182, U.S.A. 
